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I. INTRODUCTION 

In the last three decades the Inverse Spectral Transform (1ST) method has been generalized and successfully applied 
to various 2+1-dimensional nonlinear evolution equations such as Kadomtsev-Petviashvili, Davey-Stewardson, Veselov- 
Novikov, Zakharov-Manakov system, Ishimory, two dimensional integrable sine-Gordon and others, see the bookst- 
and references there. The nonlocal Rieman-Hilbert^, 9-problem^ and more general 9-dressing method of Zakharov 
and Manakov^— are now basic tools for solving 2+1-dimensional integrable nonlinear equations, see also the bookst- 
and reviews^— . 

In the present paper the 9-dressing method is applied for the construction of new classes of solutions with functional 
parameters and as their particular cases periodic solutions of 2+1-dimensional integrable generalizations of Kaup- 
Kuperschmidt (2DKK), 

25 21 l 

Uf + U X xxxx + ~^~U x Uxx + ^UU X xx + 5w Ux + ^U X xy 

- 58 x Uyy + hUUy + SlL^ Uy = 0j (l) 

and Sawada-Kotera (2DSK), 

lit + Uxxxxx + ^>U x U X x + &UU X xx + 5l£ U x + <3U X xy ^>&x ^VV 5uUy + bu x 9 x Uy — 0, (2) 

equations. These equations have been discovered in paper—. Now it is well known that the Sawada-Kotera equation 
belongs to the BKP hierarchy, and the Kaup-Kupershmidt equation to the CKP hierarchy 14 . These equations can be 
represented as the compatibility conditions in the Lax form [Li, L 2 ] = 0; for the 2DKK equation of the following two 
linear auxiliary problems 1 ^, 

LiV> = (d 3 x + ud x + l -u x + dy)vb = 0, (3) 

45 35 5 

L 2 yj = [d t - 9d x - \hud\ - —u x d 2 x - {—u xx + 5u 2 - 5d~ 1 u y )d x - (5uu x - -u y + bu xxx )]ip = 0; (4) 

and for 2DSK equation of another two linear auxiliary problems 1 ^, 

Lxip = (flg + ud x + d y )4> = 0, (5) 
L 2 il) = [d t - 9dl - Ihudl - lbu x dl - {\0u xx + 5m 2 - 5d x 1 u y )d x ]^ = 0. (6) 

Here and bellow d x = d/d x , . . . and 9" 1 is an operator inverse to d x . 

The first linear auxiliary differential problems in ([3]) and (J5j) arc of the third order on d x , such problems in general 
position have several fields as the coefficients at the various degrees of d x . The 2DKK (JTJ and 2DSK ((2J equations 
arise as special reductions of some integrable nonlinear systems for these fields. It is well known that the study of 
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special reductions requires more attention and may be more difficult than the consideration of nonlinear equations 
intcgrable by auxiliary linear problems in general position. 

The scheme for construction of solutions with functional parameters for 2+1-dimensional integrable equations by 
the example of KP equation was developed earlier in the famous paper s 15 ! 16 of Zakharov and Shabat in the framework 
of their's variant of dressing method, see also in this connection the booki 

The present paper is natural continuation of the paper— of the first author. In the paper— 9-dressing method of 
Zakharov and Manakov was at first used for construction of multiline soliton solutions of 2DKK and 2DSK equations; 
some line solitons of considered equations were constructed earlier by another means, see for example the paper—. 
The application of 9-dressing method in nonstandard situations, in our case some nonlinear constraints on the wave 
functions of the linear auxiliary problems must be satisfied as special reductions, may be very useful and instructive. 
Let us underline that all of our constructions of exact solutions of considered equations are based exclusively on 
(9-dressing method and not depend on the relations of 2DKK, 2DSK equations with CKP and BKP hierarchies 
correspondingly. 

Our paper is organized as follows. In the section II the basic ingredients of 9-dressing method are shortly reviewed 
and some useful formulas derived in the paper— for 2DKK and 2DSK equations (JXJ) and (J2J) are presented: reconstruc- 
tion formulas, nonlinear constraints on the wave functions, the conditions of reality of solutions and so on. The new 
classes of exact solutions with functional parameters for the 2DKK and 2DSK equations are constructed correspond- 
ingly in sections III and IV. In section V as a particular cases of solutions with functional parameters the periodic 
solutions of 2DKK and 2DSK equations are calculated. Section VI contains some conclusions and acknowledgements. 



II. BASIC FORMULAS OF 9-DRESSING METHOD FOR 2DKK AND 2DSK EQUATIONS. 

In this section for convenience we are going to remind some useful general formulas of 9-dressing method for 2DKK 
and 2DSK equations ([1]) and ([2]), see the paper— for more details. 
At first one postulates non-local 9-problem^— , 

^= = (x*i?)(A,A) = J dpx(MTOR(frW, A, A), (7) 

here \ and R in considered case are scalar complex valued functions. For wave function x we choose canonical 
normalization: \ — > 1 as A — > oo. We assume also that problem ([7]) is uniquely solvable. The solution of 9-problem 
([7]) with constant normalization is equivalent to solution of the following singular integral equation: 

x(A) = 1 + J J , _ A) J J x(j*,TZ)R{i*,W,X,X)dii/\dp. (8) 

c c 

Then one introduces the dependence of a kernel R of d-problem (J7J on space and time variables x, y, 

R(fi, fx; A, A; x, y, t) = i? (/x,/I; X,X)e F ^' x ' y '^- F< - X ' x ' y '^; F(X; x, y, t) := i{Xx + X 3 y + 9X 5 t). (9) 

At the next stage of 9-dressing method^ one construct auxiliary linear problems for 2DSK and 2DKK equations, 
which in general form are given by expressions^, 

L x i> = {d y + d x + ud x + v)ip = 0, (10) 
L 2 ^j = {d t - 9d 5 x + w 3 dl + w 2 d 2 x + Wl d x + wo)^J = 0. 

The wave function ij> in (|10|) is connected with wave function \ by the relation tp :— -^e F ^ x ' v,t \ 

Reconstruction formulas for the potentials of problems (|10|) are express these potentials through some coefficients 
of series expansions of wave function x in terms of powers of spectral variable A near the points A = and A = oo, 



X = Xo + XiA + X2A 2 + ..., x = Xoo + — — + -^2" + ■ • ■ ; (11) 



v2 , _ , X-l X-2 

X X 

these formulas for the potentials of the first linear problem (|T0l) have the formsii, 

v = -Six-ixx + 3X-2Z - 3x-iX-ix; u = -'Six-ix- (12) 
The coefficients x-i an d X-2 due to (JSJ are given by expressions, 



X-i 



dX A dX 
27rj 



xO*.7*)Bo(A». W A ^ A)e F( ^^ F(A) ^ A dp, (13) 



New exact solutions of 2DKK and 2DSK equations 



3 



\-> = - I l^rl I \</'-Wl//.F:A.A|,'-"" ™»rf„A<*. (14) 

here and below, for abbreviation, short notations F(X) for F(X;x,y,t) will be used. 

It was shown in the paper— that to 2+1-dimcnsional integrable generalizations of nonlinear Kaup-Kuperschmidt 
JTJ and Sawada-Kotera © equations correspond the reductions, 

(2DKK) : v = ^u x ; (2DSK) : v = 0. (15) 



In terms of the wave function \ the reductions (1151) can be expressed as following nonlinear constraints on the 
coefficients x—l an d X-2^> 

(2DKK) : X _ 2x - % - X „ lxx - X-iX-ix = 0; (16) 



(2DSK) : x-2x ~ iX-ixx ~ X-iX-ix = 0. (17) 



Reconstruction formulas for the potentials of the second auxiliary problem ([10]) due to ([12]) and reductions ([15 
have the formsi±, 



35 

(2DKK): Wl = -— Uxx + 5 d x - 1 u y -5u 2 , 

45 5 
w 2 = — —u x , w 3 = -15u, w = -u y - 5u xxx - 5uu x , (18) 



in the case of 2DKK equation ([TJ and, 

(2DSK) : wi = -10u xx + Sd^Uy - bu 2 , 

w 2 = -15it x , w 3 = —15u, wq = 0, (19) 

in the case of 2DSK equation ([2]). 

One can easily obtain from (fT2[) and (j!3[) the restrictions on the kernel Ro of 9-problem following from reality 
of u; one derives in the limit of weak fields^, 



Ro(n,n;\,\) = i?o(-/", -/x;-A, -A); Ro(n, A*; A, A) = Ro(X, A; /j,, fi). (20) 

The conditions of reductions ([15)) or ([TBI . (fT7[) and reality ([2"0"]) for it lead to some restrictions on the kernel Rq 
of 9-problcm in the cases of the 2DSK and 2DKK equations. It is evident that conditions ([20]) are the same 
for both 2DKK and 2DSK equations ^ and © but nonlinear constraints ([TBI and ([TT)) for these equations have 
different forms. So in order to calculate exact solutions of 2DKK ([lj and 2DSK ((2J equations via 9-dressing method 
one must satisfy to conditions of nonlinear constraints ([T6[) . (fTT|) and reality (]20p : this is main and difficult part of all 
constructions. 

For degenerate kernel Ro{ft,~p; A, A) of 9-problem ([7]), 

N 

Ro(li,~p,\,A) = tt^2 fk(fJ>,"p)9k(\ A), (21) 
fc=i 

one can easily derive general determinant formula for the class of exact solutions u{x, y, t) with functional parameters 
of 2DKK and 2DSK equations U), ([2|). Indeed, from ([T3]) . (Q~4|) and |2T|) follow compact formulas for the coefficients 
X—i,X— 2 01 th e expansion (|11| of function x, 



X-i = -^E 4iiWfc, X-2 =- 5 E Arfaqfaz, (22) 



where the matrix ^4 has the form: 



2,fc=l Z,fc=l 



= 5 lk + ^d- x aifa. (23) 
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The functions atk(x,y,t), fik{x,y,t) in (l22l and (|23)) . which given by formulas, 

ai(x,y,t):= f f fi (fj,, ~p)e F ^ dfi A dp, Pi(x,y,t) := / / gi(X, \)e~ F ^d\Ad\, (24) 



are known as functional parameters (in coordinate representation). The functions /&(//, 71), fffc(A, A) can be named as 
functional parameters in spectral representation. By definitions ^ and (|24p the functional parameters a„ and j3 n 
satisfy to following linear equations, 



Pny ~\~ finxxx 0) /^ni ~t~ fin xxxxx ~\~ ^finxxy ^^x @ n yy ^' (^^) 

Here and below useful determinant identities, 

Tr(^A _1 ) = -^-ln(detA), Tr(B A' 1 ) = det ( A + g ) _ 1; l + TrB = detfl + 5), (27) 
ox ox det A 

will be used. The matrices -B and B A^ 1 in (|27|) are degenerate with rank 1. With help of the first identity in (|27|) 
expression for X-i takes the form, 

X-i = i E = iTr ^^) = 1 ^(Indet A). (28) 

From (|28[) by use of reconstruction formula (|12l) one obtains general determinant formula for the solution u with 
functional parameters ctk{x,y,t), fik(x,y,t) of 2DKK ([I) and 2DSK ([2]) equations, 

a 2 

u(x,y,t) = -3i\-i x = \n det A, (29) 



here the elements of matrix A are given by 

In following sections III and IV calculations of exact solutions u(x, y, t) via simultaneous satisfaction to conditions 
of nonlinear reductions (|T51) . (fTTf and reality (f2TIf are performed for convenience in cases of 2DKK |T]) and 2DSK ([5]) 
equations separately; analogous problem of calculations of multiline soliton solutions for these equations was solved 
in the previous paper—. 



III. SOLUTIONS OF 2DKK EQUATION. 

In this section we calculate new classes of solutions with functional parameters and as their particular cases reproduce 
multiline solitonsii. 

The reduction condition (|16l) imposes some restrictions on functional parameters ai(x,y,t), fli(x,y,t) (|24[) . Substi- 
tuting coefficients X-i an d X-2 from (|22p into (|16[) the reduction condition for 2DKK equation can be rewritten in 
the form, 



d_ 

dx 



1 



X-2 



:X-ia 



N 

E 

k,l=l 



dx 



OtlPkx - OtlxPk 



A M = ^{BA- 1 ) = 0, 



dx 



(30) 



where matrix B has elements, 



Bik = mPkx ~ oii x Pk- 



(31) 



It will be shown below that reduction condition (|T6|) , or equivalently (|30|) , is satisfied by several choices of the kernel 

Ro (ED). 

The condition I of reduction (|16p. It is clear from ([3H|) that condition p^|) of reduction for the simplest case 
R = 7r/i(/i of N = 1 of one term in the sum (|21[) is satisfied if ot\ and /3i proportional to each other: ai(x,y,t) = 
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C\j3\{x, y, t). Now let us prove that under the same interrelations between a.k and /3k , with some constants Ck, for all 
k, 

a k (x,y,t) = c k p k (x,y,t), (k = 1,...,N), (32) 



the condition (|30|) is satisfied also for more general case of N ^ 1 terms in the kernel (|2lj) . At first due to ([32]) one 
transforms matrix A given by (|23p . 



I i i ~ 1 

Aik = Sik + —d^aictk = y/ci(Sik + n , d~ anak)— = = \fc~iAi k ——, (33) 

2c fc W c kQ JCk JCk 



where A = Sik + g^/gp) ®x la i a k is symmetrical matrix. One continues in this fashion transforming matrix B pip . 

Bik = — motkx ai x a k = \/ci( :aia kx 1 ^=ai x a k )—= = ^/ciBi k ——, (34) 

Cfe Ck JCkCl JCkCl JCk JCk 



where B = J: — (aiotkx ~ a ixCtk) is antisymmetrical matrix. Consequently under conditions (1321) imposed on func- 
tional parameters the reduction condition (|16l) or ([30]) for the 2DKK equation due to (f33f and l[34|) transforms to the 
form, 

^-TriBA- 1 ) = 0, (35) 

which satisfies for every x,y,t due to the facts that A^ 1 - symmetrical as matrix inverse to symmetrical matrix A 
and B - antisymmetrical matrix. 

As a result of performed consideration it is shown that the condition of reduction ([TB")) or (|30|) for the 2DKK equation 
is fulfilled for the interrelations between of functional parameters a>k and /3k of the type (f3"2"j) . From definitions of the 
ctk,!3k (I24p follow due to (|32p the interrelations between functional parameters fk and gk in spectral representation, 

f k (n,~P) = Ckgk{-fi,-~p), (fc = 1, N). (36) 

So in considered relatively simple but important and interesting case, which will be named as condition I of 
reduction (|16p. the kernel i?o satisfying to the condition of reduction (TIT)]) or P"U|) has due to (l2~Tj) and ([56]) the form, 

AT 

R (fi,~p,\,\) = c^ 1 /fc(^,/l)/fe(— A, -A). (37) 

To the first condition of reality from (|20|l one can satisfy by imposing on each term of the sum (|37p the following 
restrictions, 



c-7fc(M,M)/fc(-A,-A) = c- 1 / fc (-M,-M) A(A,A). (38) 

The meaning of such kind of condition is very simple: each term of the sum (|37p after applying reality condition does 
not change. By separating variables, 



/feO.M) c fe / fc (A,A) 



/ fc (-7*,-/*) c^AC-A.-A) 
with some complex constants one obtain the following restrictions on the functions 



fk{/x,Tx) = Vkfk{-Ti,-v), -=(-),vl = ^,\vk\ = l. (40) 

Cfe \ Cfe / Cfc 

Second condition of reality from (|2TJ|) leads effectively to exactly the same relations as in (I4U1) and will not be considered 
here. 

Due to definitions (jM]) and (j3"6")) . (|40l) one derive the following interrelations between different functional parameters, 
a k :=v k f [ fk(--p,- f i)e F ^dtiAdp=-v k a^, fa := c^ 1 / [ f k (-\, -\)e- p ^d\ A d\ = c^ak. (41) 



c 
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So due to (|4lT) the sets of functional parameters are characterized by the following properties, 

(ai, . . -,a N ) := (-vial, . . . , -v N aW), {fix, ■ ■ -,Pn) ■= (c^olx, ■ ■ -,c]^a N ) (42) 

i.e. both sets a n and /3 n express through N independent complex functional parameters (ax(x,y,t), . . . , ajv(x, y, t)) 
satisfying to the first relation from (|4Tj) . 

General determinant formula (|29"|) with matrix A ([23]) corresponding to kernel i?o (|37|) of 9-problem ([7]) gives the 
class of exact solutions u with functional parameters for 2DKK equation ([T]). By construction due to (|4"2")l these 
solutions depend on N functional parameters (ax, ■ ■ ■ , apf). In the simplest case N = 1, fix := Ci ax and due to (|41[) 
determinant of matrix A (|23]) has the form, 

deM = (1 + ^d-'aj) = (1 - ^-d-'laxl 2 ). (43) 

The corresponding solution u with functional parameters of 2DKK equation due to (|29[) and (|43| is given by expression, 

= -^ 15 (dat A- HJ + ^n, (44) 

where Vx/cx due to (|40[) is some real parameter. 

In the case = 2 (/?i, ^2) : = (c^ 1 «i , c^ 1 ^) and due to (|4"Tj) determinant of matrix A (|2"3"|) has the form, 

det A = (1 + ^al)(l + ^- 2 d-W 2 ) - ^(0-Va 2 ) 2 = 



i^l^l^l-^hpj-^S; 1 ^ , (45) 



where Ufe/c/., (k = 1,2) due to (|40[) are some real parameters. The corresponding solution u is calculated with help of 
reconstruction formula (f2"Tj|). It is interesting to note that considered simplest solutions u(x,y,t) of 2DKK equation 
with functional parameters for cases N = 1, 2 are nonsingular for negative values of constants ^ < 0, (A: = 1, 2); for 
TV = 2 it follows from (14"51 particularly due to Cauchy-Bunyakovskii inequality (9~ 1 |ai| 2 )(9~ 1 |a2| 2 ) > |9~ 1 aia;2| 2 - 

In particular case of kernel Rq (|37p of delta-functional type with fk([i,~p) = AkS(fj, — ifJ-ko), (k = 1, . . . , N), which 
satisfy to conditions (|36| and (j40|) . due to definitions (|24|) functional parameters at have the following forms, 

a k = -2iA k e F(lfiko) , (46) 

where in accordance with (|40|) Aft = Ufc^4fe and /^^o are some real parameters. Such kernel leads to corresponding 
exact multiline soliton solutions. 

In the simplest case of N = 1 from jUJ), fl46|), under the condition VllAl1 = e 2v " > 0, one obtains the exact 
nonsingular one line soliton solution of the 2DKK equation, 

u(x,y,t) = 2 ^2 . (47) 

cosh (fxxox - ni Q y + 9^ t - <po) 

This one line soliton solution was derived earlier in paper of first author^ 7 . In the case of N — 2 from (|2"9"1) , (|4"5)) and 
(|4"6")l can be easily calculated exact two line soliton solution of the 2DKK equation. 

To conditions of reality ((20)) of the solution of 2DKK equation ([TJ one can satisfy more nontrivially by imposing 
another restrictions on functional parameters /fc(/i, /I), g&(A, A) or ak(x,y,t), /3k(x,y,t). For this purpose the terms 
in the sum (f2"T|) or (|37p for the kernel i?o can be grouped by pairs. The kernel of the 9-problem for which condition 
of reduction (fT6"| or (f5U|) fulfils, has due to (|3"T)) the form, 

2N N 

R (^,JI,\,\) = n^c^ 1 fk(p<,~p)fk{-X,-\) = TT^2 [ c k 1 Pk(t J -,~P)Pk{-^,-X) + c^ 1 pk{fJ,,~p)pk(~\,-X) , (48) 
fe=i fe=i 

where (fx, • • ., /2iv) = (pi(a*)M)j • ■ • ,Pn{h,~P)',Pi([J<,JI), ■ ■ ■ ,Pn(^,~P))- To the first and the second conditions of reality 
from (I20p one can satisfy by imposing on each pair of terms in the sum (|48p the following restrictions, 



c fc 1 Pk(v,v)Pk(~^, - A) = c fc 1 p k (-n, -/1) p fe (A, A), (49) 

i. e. the first term in square bracket of (|48p goes under considered reality conditions to second one. By separating 
variables in last expression (|4"9")l , 

Pk(n,~P) _ 4 Pfc(A,A) _^_x 



Pk(-H,-H) c k p k (-X,-X) 
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with some complex constants v k , one obtain the interrelations between the functional parameters pk {p>, fJ-) and pk (/U, /a), 

Pk(fi,'p)=VkPk(-fi,-fJ>), c k =vlc k , (k = l,...,N). (51) 



So the kernel which satisfies to the first and the second conditions of reality from (|20[) and condition of reduction 
d]) or dUD due to (1MD, USD, (EU) has the form, 

N 

#oO>7*: A,A) = [ c fc V-(^P)??fc(-A, -A) +c k 1 Pk{-~P,~v) Pfe(A.A) , (52) 
fc=i 

and due to P5|) . (1521 one can choose the following convenient sets / and g of functions /„, g n , n = 1 . . . 2iV, 



/ := • • ■ ,Hn) = (pi {fJ-,n),...,PN{^,(J-y,Pi(-fJ-, -/"),••• ,PAr(-M>-M)) ; (53) 



:= {9i,---,9in) = (cj £>i(-A, -A), ...,c N £>jv(-A, -A); c x pi(A, A), . . . _pjv(A, A)). (54) 

Due to definitions (|24p and (|53l) . ([54"f one derive the following interrelations between different functional parameters 
in coordinate representation, 



Pk-c^J J p k (-X,-X)e- F ^dXAdX = c^a k) Pk+N-^cl 1 J J Pk (X, X) e - F( - x UX A dX = -2^5*, (55) 
c c 

otk+N ■■= J Jpk(-~P,-Li)e F( -^dfiAdjI=-ak~, (56) 

c 

in formulas (f55"j) and (151)1) index k takes the values: fe = 1, ,..,N. So due to (|55p . (j56")l the sets of functional parameters 
a„ and j3 n have the following properties, 

(ai, . . . , a 2 jv) := (ai, . . . , a N ; -ai, . . . , -ajv) (57) 

(/3i, . . . ,y02jv) := (c7/ 1 ai, . . . , c^ajv; — c7/ ai, . . . , -c^ajv), (58) 

i.e. both sets express through TV independent complex functional parameters (ai, . . . , ajv). 

General determinant formula (|2^|) with matrix A (f2"3")l corresponding to kernel i?o (|52")) of <9-problem (|7|) gives another 
class of exact solutions u with functional parameters of 2DKK equation (JJJ). By construction due to ([57)1 . (|58l) these 
solutions depend on N functional parameters (ai,...,ajv) given by expressions (IM1) . In the simplest case N = 1 
(ai, 02) := —ST), (/9i, ^2) := (c^ai, — <5f Si) and due to ([55]) . (|56|) the determinant of matrix ^4 (|23|) is given by 
expression: 

det A = (1 + + ^-W) - ^(^axoT) 2 = |l + f - ^ (^M*)'. (59) 

Corresponding solution u is calculated with help of reconstruction formula (|29[) and has the form, 

3 / « f a l a lx &i&ix 1 / ^,_i_ 2 o-l 2 ,2„_ 1, 

U= (detA) 2 \ \ c + c + 2|^P V iaia: z "i-I^iU^x l"i| 



2 



5 + i + ^{^8-^1 + ^8-^1 - 2|a 1 | 2 C 1 K| 2 )) "J , (60) 

and due to (|59|) evidently is singular. 

In the case of kernel Rq (fS"2"f of delta-functional type with Pfe(/i,7i) = AkS(fi — /ifc), (fe = 1, . . . ,N), which satisfies 
to the conditions (|56"]) and (|5T|) . due to the definitions (|2~31) functional parameters ctk have the following form, 



Uk 



-2iA k e F ^\ (k = l,...,N). (61) 
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Such kernel leads to corresponding exact multiline soliton solutions. In the simplest case of N = 1 from (|59|) and ([60]) 
due to (|rTTj) follows the exact one line soliton solution of 2DKK equation, 



lA l^ c 2F(^) + l^jJH e -2F(7J 1 ) + A A \ 4 ^1R ( A hh e 2F(u, 1 ) _ A^l c -2FQI,) + 8l f4l \ c 2F( M i )-2F(jj, ) \ 

(detA) 2 \ a ci \ci\ 2 fJ.u V ci/xf ciTI 2 |mi| 2 / y' 

(62) 



ciMi c iMi l c i| 2 |Mi| 2 Mi/ c iMi l c i|Vi/ 



where determinant of the matrix A has form, 

det A = 1 + i^L e 2i? (Mi) _ c 2Fto) l^lVlfl^ c 2F(^i)+2F(mT = |l+ ^lL e 2F( M1 )|2 l-^l^ c 2F(mi )+2Fto) _ 

(63) 

Due to the expression (|6"3")l for det A last calculated solution evidently is singular. 

The condition II of reduction (|16[) . The condition of reduction (jTSJ) or (|30p can be satisfied by another 
restriction on functional parameters. One groups for this the terms in the kernel Rq by pairs, 

27V N 

Ro(fi,JI,X,X) = T7^2f k (fi 1 -p)g k (X, A) = 7T^] ^ fc (/i,7i)ft(A, A) + p k (fi,]l)q k (A, A) . (64) 
fe=i fc=i 

One define the following sets / and <? of functions /„, ri = 1 . . . 2iV, 

/ := (/i,---,/2Jv) = {pi(v,~P), • • • ,Vn{h,~P);Pi{iJ;~P), ■ ■ ■ ,Pjv(m,m)), 
.9 := (ffi, ■ • -,527V) = (?i(A,A), . . . ,gjv(A, A);<?i(A, A), . . . , gjv(A, A)). (65) 

For simplicity let us rewrite the last expression in (j3"0)l for case N = 1 of one pair of terms in kernel (fMf , 

^-TriBA- 1 ) = A_L_ ^ n A 22 - B 12 A 2 i - S 21 A 12 + B 22 A 1 ^j = 0, (66) 

where Ay, _Bij are elements of matrixes A ([23)) and B (|3"Tj) . Substituting Ay, By from (|23|) and (|3T|) into (j66| one 
obtains, for one pair of terms in kernel (|64p . from the equality i?nA 22 — B12A21 — B21A12 + B 22 A\\ = new condition 
of reduction in terms of functional parameters, 

ai/3ix - a^/Ji + a 2 f3 2 x - a 2 xl3 2 = \{a\P 2x ~ aix/3 2 )d~ 1 a 2 /3i + \(a 2 Pi x - a2 X /3i)d~ 1 ai(3 2 - 

- \{a\fiix - ai x /3 1 )d~ 1 a 2 l32 - ^(a 2 /3 2x - a, 2x fi 2 )d x X 0L\$\. (67) 

It is easy to check that choice a 2 = c/3\ and /3 2 = c a±, or due to ([24]) corresponding choice in terms of functional 
parameters in spectral representation, / 2 (/i,/l) = cgi(—p,,—~p) and g 2 (^i,7l) = c _1 /i(— /i, — 7i), satisfies to condition 
(|67|) . These conditions can be generalized for case of kernel consisting of N pairs in (164[) with following identification 
of multipliers, 

Pk(p,~p)=Ckqk(-V,-~p), qk(p,~p) = Ck 1 pk(-fi,-Jt), (fc = 1, N). (68) 
So to the condition of reduction (fT6"| or (|3"0|) is satisfied due to (j6"5)l following kernel Rq of the 9-problcm ([?}, 

2JV JV 

Ro(fi,JZ, A, A) = f k (fj,,Jl)g k (X, X) = [pfcO«,M)<?fc(A, A) + gk(-M> -~p)p k (-X, -A) . (69) 
fc=i fc=i 

Formulated conditions ([68]) will be named as condition II of reduction (|16|) . 

The first condition of reality from (f20|) and condition of reduction (fT6|) or (|30|) are satisfied simultaneously by 
imposing on each pair of terms in the sum (|69[) the following restriction, 

p k (n,-p)q k (X, A) + q k {—^, —Ji)p k (—X, -A) = 



= P&(-M: 9fe(-A, -A) + <? fc (^, ,u) p fc (A, A). (70) 

Due to (|70| two cases are possible, 



A. Pfe(M,j")?fe(A,A) =Pk(-p-,-p) %(-A, -A), (71) 
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B. p k (fi,^)q k (X,X) = q k (fi,fi) p k (X,X). (72) 
In the case A. by separating variables, 



-Vk, (73) 



Pk(-fJ-,-fJ>) 9fc(A,A) 

with some complex constants Ufe, (A: = 1, ...,N), one obtain the following restrictions on the functions p k (fJ-, ~p) and 
?fc(A,A), 



p k {n,n)=v k p h {-n,-n), q k (X,X) =v k 1 q k (-X,-X). (74) 
In the case £?. by separating variables, 



Pk{n,n) Pfc(A,A) 

_ = =- = Wfe, (75) 

q k {n,n) gfc(A,A) 

with some another constants Wfc, (fc = 1, iV), one obtain another restrictions on the functions p k ((j,,~p) and (ft (A, A), 

%(m>m) = "fe Wm./u): Wfe^wfc- (76) 



One can show that second condition of reality from (|20j) leads to the same restrictions on the kernel Rq as obtained 
above; i. e. only the cases A. (|7Tj) and B. (|T2")) will be discussed further. 

So for the case A. (fTTj) the kernel i?o which satisfies simultaneously to conditions of reduction (fT6|) or ([30|) and 
reality (J20J) due to JBSJ and (JBS]) takes the form, 



2AT AT 



i?o(M,M, A, A) = fk((J; fJ>)gk(X, X) = [pfc(^,M)?fe(A, A) +g fe (-^i, -fi)p k (-X, -A) , (77) 



fe=i /c=i 



where functions and g& are satisfy to conditions (|74l) . 

For the kernel ([77| one choose the following convenient sets / and g of functions /„, g n , n = 1 . . . 2N, 

f ■= (/i,---,/2jv) = (pi(y,ji),...,pN(v,Ti)\qi(-v,-Ti),---,qN(-v,-~P)), (78) 

9 ■= (9i,---,92n) = (gi(A,A),...,gjv(A,A);pi(-A,-A),...,pjv(-A,-A)). (79) 

Due to definitions (|24|) and (f74|) , ([78)) , (f79|) one derive the following interrelations between different functional param- 
eters, 



a k :=v k J J Pk (-jL,-n)e FM dnAdp = -v k aT, /3 k := v^ 1 J J q k (—X,—X)e~ F ^dXAdX = —v k ~ 1 (3 k , (80) 
c c 

a k+N :=J J q k (-fi,-Jl)e FM d[iActp = p k , p k+N := J J Pk (-X, -X) e - p ^dX A dX = a k , (81) 

c c 



where in formulas (|80|) and ([81]) index k takes the values: fe = 1, N. So by the use (|80j) . (|81 j) one concludes that the 
sets of functional parameters have the following structure, 

(ax, . . . ,a2A0 := (ai, . . . ,a/v; . . . ,/3/v) (82) 

{fix,..., fan) := ( J 8i,..., ; 9jv;ai,...,ajv) (83) 

i.e. both sets are expressed through 2N independent functional parameters (ax, ■ ■ ■ ,&n) an d (fix, • ■ - , Pn) with 
properties (|80|) . 

General determinant formula (|29|) with matrix A ([23]) corresponding to kernel i?o (|77|) of 9-problem (J7J gives the 
class of exact solutions it with functional parameters of 2DKK equation ([T]). By construction due to (|8"2"j) . (|83p these 
solutions depend on 2N functional parameters (ax, ■ ■ ■ , a at) and (fix, ■ ■ ■ , Pn) with properties (|80p . 
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In the simplest case N = 1 {a\,a.2) := (ai,/3i), (/3i,/?2) : = (/3i,Q!i) the determinant of matrix A due to (|23[) is 
given by expression, 



(84) 



det a = (i + ^-VA) 2 - Ja-Vi 3 d^N 2 , 

where due to ([50")) ai/?i =cti/3x. The corresponding solution u is calculated with help of reconstruction formula (|29|) 
and has the form, 

U = (dell^( dct ~ ^M 2 !^! 2 + + Id^axh) - lla&d-W - | |/?r l^" 1 |« x | 2 ) - 

+ - ||ai| 2 a- X |A| 2 " JlA| 2 5-Vi| 2 )^ -(85) 

The calculated simplest solutions u(x, y, t) (|55|) with functional parameters of 2DKK equation for case N = 1 may 
be due (|84l) singular or nonsingular, it depends on concrete choice of functional parameters. 

For the case of kernel Rq ([77)1 of delta-functional type, with /I) = A k S(fi — ifiko), <7fc(A, A) = Bk8(\ — iXuo), 
(k = 1, . . . , N), which satisfies the conditions ([6"5|) and ([74")l. the functional parameters have the following form, 



a k 



= -2iA k e F ^™\ p k = -2iB k e- F(lXk0 \ (k = 1, . . . , N), 



(86) 



where in accordance with (|74[) = v k A k , B k = v k ~ 1 B k and /i^o, A^o - some real parameters. Such kernel leads to 
corresponding exact multiline soliton solutions. In the simplest case of N = 1 one obtains from (|84|) . ([85)) via ([86]) the 
exact one line soliton solution of the 2DKK equation, 



det A = 1 



MioAio \ Mio — Aio / 



Mio - A 



10 



u(x,y,t) 



lgoQiio- Ai )e^ 
det A 2 



det A 



fflQfio " Ai )e y 
MioAio 



(87) 



where a = A\B\ — a - some real parameter, ip(x,y,t) := F(ifiio) — F(iXio). This one line soliton solution for the 
values of parameters, mo ° Aio > 0, /(XioAio > 0, is nonsingular and was derived earlier in paper of first author—. 

For the case B. (|72[) the kernel i?o which satisfies conditions of reduction ([T5| or ([3"0")) and reality ([2"0")) due to 
(IM|) and ([76")) has the form, 



2N N 

i2 (/i,M,A, A) = 7r^/ fe (^,7i)gfc(A, A) = tt^ ^V(a*, ^PkiX, A) + v k ~ 1 p k (-JI, -fj,)p k (-X,-X) 



k=l 



k=l 



From ([55)1 one choose the following convenient sets / and g of functions f n , g n , n = 1 . . . 2N, 



f ■= (/i, • • • ,/2w) = (pi(m,m),---,Pw(m,m);Vi ViC-M) -m),---,«at 1 PJv(-M.-m)) 



(88) 



(89) 



.9 := (.9i, ■ • ■ ,52Jv) = («i pifAjA),...^^ Piv(A, A);pi(-A, -A), . . . ,pjv(-A, -A)). (90) 
Due to definitions ([24]) and (f89|) . ()90[) one derive the following interrelations between different functional parameters, 



Ph-=v^ x J J Pk {X,X)e- F( - x '>dX/\d\^~v- 1 aj:, k = l,...N; 

c 



(91) 



U k +N ■= V k 1 



p k (-fi,-n)e F ^d[j,Ad4l=-v k 1 a k , /3 k+N 



p k {—X, —X)e~ F ^dX A dX — a k . (92) 

J J 

c c 
So using ([9"Tjl . ([9"2")l one concludes that the sets of functional parameters have the following structure, 

(«i, . . . ,a2N) ■= (ai, . . . ,a N ; -v^ai, . . . , —v^on), (93) 
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-v N a N ; ax, ■ 



(94) 



i.e. both sets express through N independent complex functional parameters (oti, . . . , a at). 

General determinant formula (j2"9")l with matrix A (|2"5)) corresponding to kernel Rq (|88p of 9-problem (J7J gives the 
class of exact solutions u with functional parameters of the 2DKK equation ([lj. By construction due to (|93l) . (|94|) 
these solutions depend on N functional parameters (a\, . . . , ajv) given by (j2~4"l) . 

In the simplest case N = 1 (ai,aa) := (ai,— vf/ {P11P2) '■= ( — u f "Ij a i) the determinant of A due to (|2"5)l is 
given by expression, 



det ^4 



4v 2 



(95) 



where due to (|76[) i>i = TJT. The corresponding solution u is calculated with help of reconstruction formula 
for vi < 0, due to (|9"5)) and to Cauchy-Bunyakovskii inequality (9~ 1 |ai| 2 )(3~ 1 |Q!i| 2 ) > |9~ 1 aiai| 2 , this solution is 
nonsingular and has the form, 



(detA)- 



(~luf~( ~ ^l" 1 !^ 1 ~ Vil 2 ) - x a x 2 - a iaix d x 1 a\ 



(96) 



In the case of kernel Rq (|88p of delta-functional type, with Pfe(/i, fi) = AkS(fi — /Zfc), (fc = 1, . . . , AT), which satisfies 
the conditions (|68|) and (|76]l. due to definitions (|24|) . functional parameters otk have the following form: 



-2iA fc e F ^*\ (ft = 1,...,N). 



(97) 



Such kernel leads to corresponding exact multiline soliton solutions. In the simplest case of N = 1 one obtains from 
(US]), (f9"u| via (|i?T]) the exact one line soliton solution of the 2DKK equation, 



detA = 1 + 2L e <p(.*,v,t) + J?rtp. e W*,v,t) = (1 + _E_ e *>(».v,t)) 

Mi/ Imi| Mi/ mi/ 



iMil 



u(x,y,t) 



24a//i/e' 
(detA) 2 



detA 



2a/xi/e ¥ 



(98) 



where a = t/ x 1 |v4i| 2 = a is some real parameter, tp(x,y,t) := F(fii) — F(fXi); for = ]^*| x > 0, due to expression 



for det A in 



this solution is nonsingular. 



IV. SOLUTIONS OF 2DSK EQUATION. 

In present section the classes of solutions with functional parameters are calculated for 2DSK equation ©. This 
equation has condition of reduction (|T71) which is different from that one (Tl7J|) for 2DKK equation. It is convenient 
to transform this condition of reduction to determinant form, more appropriate for calculations with 2DSK equation 
([2]). Substituting coefficients X-i an d X-2 from (|22|) into the condition of reduction (fT7f one obtains, 



n N a a 2 

E M) a m - ( E ^tf) = °- 



(99) 



fc, i=i 



Defining degenerate matrix V with elements Vik = ctixflk and rank equal to unity, ranky = 1, one rewrites condition 
(l99l) in the form, 



Mi- 



(100) 



By the use of identities (|27p one obtains from (llOOp condition of reduction (fTTj) in determinant form, 



T(5 — T) — T 2 X = 0, 



(101) 
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where T = det A, S — det (A + V). 

The conditions of reality (|20[) and reduction (fl7|) or (|10ip impose some restrictions on functional parameters. In 
order to satisfy these conditions the terms in kernel Rq (j21~j) will be grouped by pairs, 



2N N 



Roi/j,, fi, X, X) = Tt^2 Skip, (J-)9k(X, A) = tt^2 [Pkiv, (J-)qk(X, A) + p k (fi, fi)q k (X, X) . (102) 
fc=i fc=i 

It is convenient to define via (|102[) the following sets / and <? of functions /„ and g n , n = 1 . . . 2iV, 

/ := (/i,-.-,/2Jv) = ipi(f*,Ti), • ■ • ,PN(p,jfylPi(p,Ti), • ■ . ,Pn((J>,p)), 
.9 := ■ • -,52jv) = (91 (A, A), . . • , gjv(A, A); gi(A, A), . . . , <?at(A, A)). (103) 

One shows easily that for case of N = 1, i.e. for kernel (|102j) of the 9-problem with one pair of terms, the condition 
of reduction (|17l) or (I101[) is fulfilled under the choice, a?2 = ic\ d^ x Pi, @2 = icxa.\ x , with some complex constant c\. 
In terms functional parameters in spectral representation, due to definitions ([24]) . last relation is rewritten equivalently 
for the choice, j5i(/z,/Z) = fx~ l qii—fi,—Jl), 31 (A, A) = ciApi(— A, — A). By the use of symbolic calculations it was 
verified that the condition of the reduction (|17l) or (|101l) is satisfied for two such pairs of terms (i.e. N = 2) in the 
kernel i?o (|102p . Generalizing last observation to the case of N > 2 pairs of terms in (|102[) one choose the following 
sets of functional parameters in coordinate and in spectral representations relating to each other by expressions, 

otk+N =ic~k ^Pk, Pk+N = ic k a kx , k = l,...,N, 
Pk{p,TZ)= c k V _1 9fc(-M,-A*), ?fe(A,A) = c fe Ap fe (-A,-A), (104) 



where c k ,(k = 1, - .,N) are some complex constants and index k numerates the pair of terms in kernel Rq; for such 
choice the condition of reduction (TT7l) or (|101l) is fulfilled for the choice of interrelations between functional parameters 
of each pair in (|102[) given by expressions (|104[) . 

So due to (|104l) the condition of reduction (fTT)) or (I101[) is satisfied by choosing kernel Rq (|102[) of 9-problem ([7} in 
the following form, 

2N N X 

Ra(p,~P, A, A) = %2Zf k {n,-p)g k {X, A) = tt ^ [p k (p,Jl)q k (A, A) + —q k {—p,, —~p)p k (—X, —A)] . (105) 
fc=i fc=i " 

In accordance with (|105[) the sets / and 5 of functions /„, g n , n = 1, . . . , 2iV in (|103[) are taken the forms, 

/ := (Si, • • ■ ■> Szn) = (pi(faP),---,PN(p,7l);~qi{-p,-p),---,-qN(-fJ>, ~P)), 

H p, 

9 ■= (5i,--->52jv) = (£?i(A,A),...,gjv(A,A);Api(-A,-A),...,Apjv(-A,-A)). (106) 

The first condition of reality from (f2"0")) is satisfied by imposing on each pair of terms in sum (I105[) the following 
restrictions, 

p k (p,~fl)q k (X,X) + -q k (-p, -~p)pki-X, -A) = 
A 4 

A- 



= Pki~P,-p) qk(~X,-X) + -q k (p,p) Pk(X,X). (107) 



Due to (|107[) two cases are possible, 



A. p k (p, p)q k (X, X) =p k (-p,-p) %(-A, -A), (108) 



B. p k (n,fi)q k (X, A) = -q k (p,p) p k (X,X). (109) 



In the case A by separating variables, 



Pk(p,p) q k (-X,-X) 



p k {-p,-p) 9fe(A,A) 
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with some complex constants v k , (k = 1, N), one obtain following restrictions on the functions p/s(/i, /i) and q k (X, A), 



Pfe(/i,M) =v k Pk 9fc(A,A) = u fe 1 ?fe(-A,-A), |w fe | 2 = l. (Ill) 

In the case £? by separating variables, 



Ap fc (A,A) 

_ - = =— = Ufe, Q112J 

?fc(M.M) ?fc(A, A) 

with some real constants Ufc, (fc = 1, iV), one obtain another restrictions on the functions p k ([i,~p), 

q k (/J,,~p) = —pk{~P,n), Vk = v k = v k0 . (113) 

Second condition of reality from (|2T)|) for 2DSK equation ([5]) will be satisfied by imposing on each terms in sum 
(|105p the following restriction, 

Pfc(/i,M)9fc(A, A) + ~q k (-(j,,-Jl)p k (-\,-X) = 
A* 



Pfc(A,A) qkifafJ.) + T9k{~\ -A)pfe(-/i,-/i). (114) 



Due to (|114p , also as for (|107p . two cases are possible, 



A'. p k ([i, n)q k (\, X) =p fc (A,A) q k (n,v), 



-Qk(-(*, -M)Pfc(~A, -A) = T %(-A, -A) Pfc(-/x, ( 115 ) 



B'. M)?fc(A, A) = ^ft(-A,-A) p k (-fi,-fi), 



-?fc(-M,-A*)pfc(-A,-A) =p fc (A,A) q k (n,fx). (116) 
A* 



From first case A' (I115j) by separating variables one obtain the following expressions, 



p k (fi,/J,) Pfc(A,A) 

Ufc) 



qk(fi,n) 9fc(A,A) 
A 2 Pfc(-A, —A) _ fi 2 p k (-Jl,-fj,) 
? fc (-A,-A) 



«*, (H7) 



with some complex constants Wfc and (fe = 1, ...,N). It follows from the last equation in (jl 1 T[) . due to the first 
equation from (jTTTJ) , the relation A 2- ^. = /i 2 «fe = which is impossible for arbitrary A, /i. 
From second case B' pi6[) by separating variables one obtain the following expressions, 



Pk(p,li) ?fc(-A,-A) 



HPk{-H,-lj) \q k {\,\) 
M9fc(/i,M) Ap fe (-A,-A) 



gfc(-/i,-/i) p fc (A,A) 

with some complex constants i>fc and £>k (A; = 1, ...,N). It follows from the last equation in (|118|) . due to the first 
equation from (|118p . the relation, /i 2 Ufe = — v k which is impossible for arbitrary \i. So bellow will be considered only 
the cases A and B defined by relations (I108P and (|109l) . 

For case A (| 1 08|) the kernel Rq, which satisfies to conditions of reality (|20|) and reduction (|17p or (llOip . has the 
form (|105p . where functions p k {p,JI) and q k (X, A) are characterized by properties (|llip . Due to definitions (|24|) and 
(|104p . (|llll) one derive the following interrelations between different functional parameters, 



a k :=v k p k (-n,-fi)e F(f * ) dnAdfI=-v k a k , (3 k := v k / q k (-X, -A)e F(A) dA A dA = (119) 
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Oik+N ■= C k 

J J (J* J J 

c c 

(120) 

where \vk\ 2 = 1 and (k — 1,...,N). So due to (| 1 19[) . (|120j) the sets of functional parameters have the following 
structure, 

(ax,...,a 2 N) ■= (ai, . . . ^ff^c^d' 1 ^, . . . ,icJ f 1 d~ 1 fi N ), (121) 

(Pi,... ,P%n) ■= (Pi, ■ ■ ■ , PN',iciai x , . . . ,ic N a Nx ), (122) 

i.e. both sets are expressed through 27V independent complex functional parameters (at, . . . , O/v) arid (Pi, . . . ,Pn) 
with properties ([1191) . 

General determinant formula (|2T)1) with matrix A (f2"3")l corresponding to the kernel i?o (jl05[) of the 9-problem ([7]) 
due to fjl 1 1|) gives the class of exact solutions u with functional parameters of the 2DSK equation ([2]). By construction 
due to (|121l) . (|122p these solutions depend on 2N functional parameters (cti, . . . , chat) and (Pi, . . . , Pn)- 

In the simplest case N = 1 (ai,a 2 ) ■= (cti,i Ci 1 d~ 1 Pi), (Pi,P 2 ) '■= (Pi,icicti x ) due to (|119p . (|120|) the determinant 
of the matrix A ()23|) is given by expression, 

dot A=(l- ^aid^Pi + -d^aipi) 2 = A 2 . (123) 
The corresponding solution u is calculated with help of reconstruction formula (|29|) and has the form, 

(124) 



2A 2 



1 2 

A (aiPi x - cti xx d~ Pi) - - (aiPi - a ix d~ 1 Pi) 



Due to expression (|123p for detA this solution is nonsingular for choices of functional parameters oei, pi satisfying to 
inequality, —jaid^ 1 Pi + ^9~ 1 ai/?i > 0. 

In the case of kernel Rq f|105[) of delta-functional type with pk([J,,~p) = AkS(/d — ifiko), Qk(X,X) = Bk8(X — iXko), 
k = 1, . . . , N, which satisfy to conditions (|104[) and (llll[) . due to definitions (j2~4")) . the functional parameters have the 
following form, 

a k = -2iA k e F ^\ p k = -2iB k e~ F ^\ (125) 

where in accordance with (llll[) A k — v k A k , B k = v k B k and A^o, (J-ko - some real parameters. Such kernel leads to 
corresponding exact multiline soliton solutions. 

In the simplest case of N = 1 from (|123[) . (I124p due to (I125[) one obtains, under the condition A X B X Xl a(^-\x Q ) = 
e Va > 0, the exact nonsingular one line soliton solution of the 2DSK equation, 



where tp — F(i/j,io) ~ F(iXio). This one line soliton solution was derived earlier in the paper— of first author. For the 
case of N = 2 one obtains the exact two line soliton solution of the 2DSK equation. 

For case B (|109p the kernel R , which satisfies conditions of reality (|2T)|) and reduction (flTf or (jlOip . due to (|104p . 
(HHSJ), (dUl) has the form, 

2N N 

R (fj,,Ji,X,X) = tt^2 fk(fJ-, ~P)gk (A, A) = tt^ Uk 1 \pk(»,T*)Pk(*A)-Vk 1 \pk(-TZ,-fj)Pk(-*,-X)], (127) 
fe=i fc=i 

where v k — v k o - some real parameters. From (|127p one choose convenient sets / and g of functions f n , g n , n = 1, .., 2N, 



f ■= (/i,---,/2iv) = ■ • • >Pn(^,^); -Vi 1 pi(-[i,-Li),. ■■ ,-v N x p N (-n,-p)), (128) 



.9 := (9i,---,92n) = (vi Xpi(X, A, ),..., v N Xpi(X, A, ); Xpi(-X, -A), . . . , Xp N (-X, -A)). (129) 

Due to definitions (|2"4")l from (|128l) , (|129p one derive the following interrelations between different functional param- 
eters, 



Pk-.^v' 1 X Pk (X,X,)e- F( - x 1dXAdX = ~iv^a kx , k = l,...,N (130) 



c 
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ctk+N ■= -vj: 1 J J p k (-~p,~n)e F ^d[i /\dp= v^ak, (i k+N ■= J J Ap fc (-A, -A)e~ F(A) dA A dX = ia kx , (131) 
c c 

where v k = v k o - some real parameters. So due to (|130|) . ()131|) the sets of functional parameters have the following 
structure, 

(ai, . . . ,a 2 Ar) := («i, . . . , ajv; vf 1 ^, . . . , u^ajv), (132) 

. . . ,(3 2 n) '■= (—ivi ai*, ■ • ■ , —iv^affx', iax x , . . . , ia Nx ), (133) 

i.e. both sets express through N independent complex functional parameters (a\, ■ ■ ■ , a at). 

General determinant formula (|29|) with matrix A (|23|) corresponding to kernel Ro (|127|) of 9-problem ([7]) gives the 
class of exact solutions u with functional parameters of 2DSK equation ([2]). By construction, due to (|132[) and (|133p . 
these solutions depend on TV complex functional parameters {ot\, ■ ■ ■ , oln) given by (|24[) . 

In the simplest case N = 1, (oti, u-i) :— (pti, ai) and (Pi, fe) ■— (—iv^aix, ia-ix), the determinant of the matrix 
A due to (f2"3"|) is given by expression, 

det A = (1 + J-S-^a^Si - a{a lx )) 2 = A 2 . (134) 
4i>i 

The corresponding solution u is calculated with help of reconstruction formula (|29[) and due to (|134|) has the form: 

(135) 



u = 



2wiA 2 



_ _ 1 _ _ 2 

iA [a lxx a! - a>ia>i xx ) + - — (ol\ x oli - a>iai x ) 
4wi 



Due to expression (I134[) for det A this solution is nonsingular for choices of functional parameter ot\ satisfying to 
inequality, -^d x 1 (a lx ax - aia lx ) > 0. 

In the case of kernel Rq (|105|) of delta-functional type with pk{fi,~p) = A k 5(n + /i/c), k — 1,.,.,N, which satisfy to 
conditions (|104[) and f|113|) . due to definitions from (|2~4"]) functional parameters a k have the following form, 

a k = -2iA k e F ^ k l (136) 

The kernels Rq with such kind of functional parameters (jl36[) lead to corresponding exact multiline soliton solutions. 

In the simplest case of N = 1 from (fTM]) . (|T35l) and due to fpT36|) . under condition -^-^77 = e Vo > 0, one obtains 
the exact nonsingular one line soliton solution of the 2DSK equation, 



G// 



u(x,y,t)= > ( 137 ) 



cosh 2 

where (p = F(/ii) — F(jli). This one line soliton solution was derived earlier in paper— of the first author. In the case 
of N = 2 one obtains the exact two line soliton solution of the 2DSK equation. 

V. PERIODIC SOLUTIONS OF 2DKK AND 2DSK EQUATIONS 

In this section there will be calculated also the periodic solutions of 2DKK ([TJ) and 2DSK (J2J) equations as particular 
cases from corresponding solutions with functional parameters obtained in sections III and IV. 

Periodic solutions of 2DKK equation. At first using only reduction condition (p~6|) or (|30|) one calculates 
via general formulas (|29[) . ([23]) (without using reality conditions), taking in to account (|32|) or (f36|) (condition I of 
reduction (|T6|) ) . complex solution of 2DKK equation. This solution for the simplest case N = 1 in (|37|) has the form, 

n _ 3 aia lx (l + ^d^al) - 



(1 + ^alY 



For delta-functional kernel Rq, with /1 :— AiS(/i — /ii) one obtains a\ = — 2i^4ie F ^ 1 \ and from (|138p it follows for 
u at this stage complex expression, 
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where 2F{ni) = <p, — A 2 . Using (| 139[) one formulates the reality condition (u — u), 



+ "(! + ?*)•' ( " 0> 

Under assumptions (j.i = JIT = fiio and A 2 = \/J,io\e l ^ a (where tp a - is arbitrary real constant) condition (|140p fulfils, 
consequently the phase tp = —Tp = i<j) = 2i(nix + n\y + t) is pure imaginary. Doing by this way and imposing on 
(|139[) formulated restrictions one obtain singular periodic solutions of 2DKK equation, 



2 7BST ; Mio<0: u(x,y,t)= . 
cos 2 ( ) sm ( ) 



Mio > : u(x, y, t) = ™ ■ Mio < : u(x, y, t) = . = - . (141) 



Another periodic solutions of 2DKK equation will be derived by use condition II of reduction One obtains 

directly from (|29l) . due to (|23)l . the non real solution u ^u, which satisfies only to condition (|68|) but doesn't satisfies 
to condition of reality. This solution for the simplest case one pair of terms (N = 1) in the kernel (|69p is derived by 
reconstruction formula (|29p and due to (|68[) . where determinant of matrix A has the form, 

detA = (1 + ^atfif - J^ 1 ^ (142) 

For the choice /i := AiS(fi — fii) and gi := BiS(\ — Ai), due to definitions (l24l) ai = —2iAie F ^ Ji1 ^ and /3i = 
— 2iBie~ F ( Xl \ for u one obtains (a := iAx-Bi) the expression, 

,2 ' 



det A = 1 + - J^—eOO™*) + ( a±^l ] e a V (*,v,*) j 
Hi - Ai /xiAi \ m - Ai / 



U ^*) = del^ 



detA+ a(Mx-A 1 )e- 



A*iAi 



(143) 



where tp — F(hi) — F(\i). 

The reality condition (it = u) with requirement of imaginary phase tp = —Tp = i<j> leads to following conditions on 
the parameters: 

Hi = JIT = /iio, Ai = Ai = Aio = chio, a = ±^/chw (Jt~~^~~] j > ( 144 ) 

where c is real parameter. When one imposes on (|143[) these restrictions one obtain the singular periodic solutions, 
for c > 0, 

fl-cl 2 (2cos0±±±£) 



(2sin0T^4 



2 (i-| c |) 2 ^^-^Th 



u(a;,I/ 1 t) = ±12V|cl/xjo Vi , , u (146) 



and for c < 0, 



( 1 + I C D (2sin^V| )2 

where = /iio(l - c)x + Hioi 1 - c 3 )y + 9^i (l - c 5 )i. 

Another possibility to satisfy the reality condition (u — u) for u given by (|143[) with requirement of imaginary phase 
tp = —Tp = i<fi leads to another conditions on the parameters, 

A 1 = -7ZT, a 2 = ±|Mi| 2 f^V- ( 14? ) 

\Hii ) 

When one imposes these restrictions on (|143[) one obtains the nonsingular (for arbitrary complex constant Hi) periodic 
solutions; for the choice a = ±|/ii| f > 

,,2 C OS0±f^r 

u(x,y,t)=TU\m\^- ; (148) 

Mi/ (cos0± ^) 2 
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2 sin =F 
Mi/ (sine/) =F y^j) 2 ' 



(149) 



where <f>=(pi+ JIT)x + (/if + n\)y + (/if + /if )t. 

Periodic solutions of 2DSK equation. At this point is shown how one calculates periodic solution u for 2DSK 
equation. The solution u which satisfies only condition of reduction (fTTj) or (|101[) for case of N = 1 in (|105[) has the 
form with det A due to (f2Ul) and (|104j) given by expression, 



det A = (l - Jai^ 1 /?! + id-Vft) 2 = A 2 . 



(150) 



For delta-functional fx := Ai6(fi — /ii) and </i := _Bi<5(A — Ai) due to definitions (|24[) follow expressions for functional 
parameters, ot\ — — 2iAie F ^^ and Pi = —2iBie~ F ( Xl \ and for u one obtains (a := iAii?i), 



det A 



1 + a 



Mi + A x ctp ( x , y ,t) 
Ai(/ii - Ai) 



/ — 6a(/i 2 - A 2 ) / t) 

t( ^ ) = A ld et^ 6 ' 



(151) 



where ip = F(fJ,i) — F(Xi). The reality condition (it = u) with requirement of imaginary phase ip = —ip = i</) leads to 
following conditions on the parameters, 



Mi=Mi=Mio ! Ai=Ai=Aio, a = |a|e 40Q = 



Aio(mio — A10) 



J4>a 



M10 + A10 

When one imposes on (|151|) these restrictions one obtain the singular periodic solutions of 2DSK equation ([2]) 



(152) 



Aio(Mio-A 10 ) >(): U ( x ,y t t)= -*^j™f . A 10 (/i 1 o-A 1 o) <0; ^ y> f) = Z^Z^l , (153) 



M10 + A10 



2cos 2 (^) 



M10 + A10 



2sin 2 (^) 



where <j> = (/iio — Aio)a; + (/if — Af )y + 9(m|o ~ Aj )* an d </> a - is arbitrary real constant. 

Another possibility to satisfy the reality condition (u = u) with requirement of imaginary phase ip = —Tp = i<j> leads 
to another conditions on the parameters, 



Ai = —Hi, a = \a\e 



Mifl 



Mi/ 



lMi|e 



i(f> a 



(154) 



By imposing on (| 15 1[) these restrictions one obtain the another singular periodic solutions of 2DSK equation ((2J, 



MLR 

Mi/ 



>0: u(x,y,t) 



- 6 MiR , Mi/? n . , ., ,n _ -6Mig 



C0S 2(±^) : 



Mia 
Mi/ 



<0: u(x,y,t) 



sin 2 ( ±^)' 



(155) 



where = (/ii + /ii):r + (//? + Mi)y + (Mi + Mi)^ an d <fra - is arbitrary real constant. 



VI. CONCLUSIONS AND ACKNOWLEDGEMENTS 



The integrable 2DKK (TJ and 2DSK © equations differ only by coefficients (25/2 - for 2DKK, and 5 - for 2DSK) 
at nonlinear terms u x u xx . These equations arise as special reductions (1151) . v = \u x - for 2DKK equation and v = 
- for 2DSK equation, of more general integrable nonlinear system of equations for the corresponding fields in general 
position. Such reductions lead to some nonlinear constraints (|16j) . (|17j) on the wave functions of corresponding linear 
auxiliary problems. 

In the present paper by the use of (9-dressing method of Zakharov and Manakov it is shown how nonlinear constraints 
on wave functions are satisfied. By this way new classes of solutions with functional parameters of considered equations 
were constructed, as particular cases some periodic solutions also were obtained. 

It is interesting to note that in the paper— the gauge-invariant formulation of integrable 2DKK-2DSK system of 
equations was given. It was shown that 2DKK and 2DSK equations admit formulation in terms of corresponding 
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gauge invariants and these equations are gauge nonequivalent to each other. Both of considered in the present paper 
equations have different dispersionless partners, the investigation of these partners and calculation of theirs exact 
solutions is also interesting task and will be considered elsewhere. 

It was shown also that Nizhnik-Veselov-Novikov (NVN) and modifed Nizhnik-Veselov-Novikov (mNVN) equations 
also admit gauge-invariant formulation^, but in contrast to the case of 2DKK and 2DSK equations, NVN and mNVN 
equations belong to gauge-equivalent classes of integrable nonlinear equations, their solutions can be connected by 
Miura-type transformations. 
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